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Introduction
Throughout this paper, R will denote a commutative ring with identity and Z will denote the ring of integers. We will denote the set of ideals of R by S(R) and the set of all submodules of M by S(M ), where M is an R-module.
Let M be an R-module. A proper submodule P of M is said to be prime if for any r ∈ R and m ∈ M with rm ∈ P , we have m ∈ P or r ∈ (P : R M ) [5] . A nonzero submodule N of M is said to be second if for each a ∈ R, the homomorphism N a → N is either surjective or zero [8] . A non-zero submodule S of an R-module M is a weak second submodule of M if for each r ∈ R and a submodule K of M , r ∈ (K : R S) \ (K : R M ) implies that S ⊆ K or r ∈ Ann R (S) [6] .
Anderson and Bataineh in [1] defined the notation of φ-prime ideals as follows: let φ : S(R) → S(R) ∪ {∅} be a function. Then, a proper ideal P of R is φ-prime if for r, s ∈ R, rs ∈ P \ φ(P ) implies that r ∈ P or s ∈ P .
Zamani in [9] extended this concept to prime submodule. For a function φ : S(M ) → S(M ) ∪ {∅}, a proper submodule N of M is called φ-prime if whenever r ∈ R and x ∈ M with rx ∈ N \ φ(N ), then r ∈ (N : R M ) or x ∈ N .
Let M be an R-module and let ψ : S(M ) → S(M )∪{∅} be a function. The main purpose of this paper is to introduce and study the notion of ψ-second submodules of M as a dual notion of φ-prime submodules of M . We say that a non-zero submodule N of M is a ψ-second submodule of M if r ∈ R, K a submodule of M , rN ⊆ K, and rψ(N ) ⊆ K, then N ⊆ K or rN = 0. Among the other results, we have shown that if N is a ψ-second submodule of M such that Ann R (N )ψ(N ) ⊆ N , then N is a second submodule of M (see Theorem 2.3). We prove that if H is a proper submodule of M such that (H : R M ) = 0, then H is a second submodule of M if and only if H is a ψ 1 -second submodule of M (see Corollary 2.7). In Theorem 2.9, it is shown that if ψ : S(M ) → S(M ) ∪ {∅}, φ : S(R) → S(R) ∪ {∅} are functions, then we have the following.
is a second submodule of M (see Theorem 2.15). Moreover, in Theorem 2.16, we characterize ψ-second submodules of M . We use the following functions ψ :
Main results
Then it is clear that ψ M -second submodules are weak second submodules. Clearly, for any submodule and every positive integer n, we have the following implications: Proof. In the Theorem 2.3 set ψ = ψ M .
Proof. If N is a second submodule of M , then the result is clear. So suppose that N is not a second submodule of M . Then by Theorem 2.3, we have Ann R (N )ψ(N ) ⊆ N . Therefore, by assumption, This implies that aAnn R (K) ⊆ Ann R ((0 : M aAnn R (K))) ⊆ Ann R (S). Hence,
As M is a comultiplication R-module, we have aψ(S) ⊆ K, a contradiction. Thus aAnn R (K) ⊆ φ(Ann R (S)) and so as Ann R (S) is a φ-prime ideal of R, we conclude that aS = 0 or S = (0 : M Ann R (S)) ⊆ (0 : M Ann R (K)) = K, as needed.
The following example shows that the condition "M is a comultiplication Rmodule" in Theorem 2.9 (b) can not be omitted. Example 2.18. Let R 1 = R 2 = M 1 = M 2 = S 1 = Z 6 . Then clearly, S 1 is a weak second submodule of M 1 . However, (2,1)(Z 6 ×0) ⊆2Z 6 ×3Z 6 and (2,1)(Z 6 ×Z 6 ) ⊆ 2Z 6 ×3Z 6 . But (2,1)(Z 6 × 0) =2Z 6 × 0 = 0 × 0, and Z 6 × 0 ⊆2Z 6 ×3Z 6 . Therefore, S 1 × 0 is not a weak second submodule of M 1 × M 2 . Theorem 2.19. Let R = R 1 × R 2 be a ring and M = M 1 × M 2 be an R-module, where M 1 is an R 1 -module and M 2 is an R 2 -module. Suppose that ψ i : S(M i ) → S(M i ) ∪ {∅} be a function for i = 1, 2. Then S 1 × 0 is a ψ 1 × ψ 2 -second submodule of M , where S 1 is a ψ 1 -second submodule of M 1 and ψ 2 (0) = 0.
Proof. Let (r 1 , r 2 ) ∈ R and K 1 × K 2 be a submodule of M such that (r 1 , r 2 )(S 1 × 0) ⊆ K 1 × K 2 and (r 1 , r 2 )((ψ 1 × ψ 2 )(S 1 × 0)) = r 1 ψ 1 (S 1 ) × r 2 ψ 2 (0) = r 1 ψ 1 (S 1 ) × 0 ⊆ K 1 × K 2
Then r 1 S 1 ⊆ K 1 and r 1 ψ 1 (S 1 ) ⊆ K 1 . Hence, r 1 S 1 = 0 or S 1 ⊆ K 1 since S 1 is a ψ 1 -second submodule of M 1 . Therefore, (r 1 , r 2 )(S 1 ×0) = 0×0 or S 1 ×0 ⊆ K 1 ×K 2 , as requested.
